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The model

Input: a graph G and p ∈ [0,1] ⇝ Gp: a random subgraph
(Retain each edge of G independently with probability p.)

Basic question
As p increases from 0 to 1, when does complex structure typically
emerge in Gp?

Percolation theory: G = ℤd

▶ infinite component, critical probability, uniqueness, …
Erdős–Rényi random graph: G = Kn
▶ giant component, phase transition, uniqueness, …

This talk: G is a general finite graph.
Typically = asymptotically almost surely (a.a.s.)
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Properties of G(n,p)
The Erdős–Rényi (aka binomial) random graph: G(n,p) = (Kn)p.

Theorem [Erdős–Rényi 1960]
For every ε > 0, the following hold a.a.s. as n → ∞.

• All components of G(n, 1−ε
n ) have order o(n).

• G(n, 1+εn ) has a unique component of order Ωε(n).
• G(n, 1+εn ) has a cycle of length Ωε(n).

p = 1
n is the phase transition for a linear-sized component.

This component has complex structure (e.g. a long cycle).

Theorem [Fernandez de la Vega 1979]
G(n, Kn ) a.a.s. has a cycle of length ⩾ (1− δ)n, where δ K→∞−→ 0.

Are similar results true in Gp for a general G?
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Percolated hypercube
p = 1

n is the phase transition for a linear-sized component inG(n,p).
G(n, Kn ) a.a.s. has a cycle of length ⩾ (1− δ)n.

Are similar results true in Gp for a general G?

Test case: G = Qd, the d-dimensional hypercube (n = 2d).

Theorem [Ajtai–Komlós–Szemerédi 1982]
For every ε > 0, the following hold a.a.s. as d → ∞.

• If p = 1−ε
d , then all components of (Qd)p have order o(n).

• If p = 1+ε
d , then (Qd)p has a unique component of order Ωε(n).

Theorem [Anastos–Diskin–Erde–Kang–Krivelevich–Lichev 2025]
(Qd)K/d a.a.s. has a cycle of length ⩾ (1− δ)n, where δ K→∞−→ 0.

Common feature: Kn andQd are regular graphs, and the magic
happens at p ≈ degree−1. How general is this?
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Regular graphs
Common feature: Kn andQd are regular graphs, and the magic
happens at p ≈ degree−1. How general is this?

Not very: A disjoint union of Kd+1s is d-regular, but we won’t see a
linear-sized component or a nearly spanning cycle at any p.
Theorem [Krivelevich–Sudakov 2013]
If p = 1+ε

d , then a.a.s. Gp has a component of order Ωε(d).

Theorem [Krivelevich–Lee–Sudakov 2015]
If p = K

d , then a.a.s. Gp has a cycle of length ⩾ (1− δ)d.

Replacing d by n is impossible by the same example.
Both results still hold if we only assume min-deg(G) ⩾ d.
Question [Krivelevich–Samotij 2014, Glebov–Naves–Sudakov 2017]
What if G has average degree d?



Regular graphs
Common feature: Kn andQd are regular graphs, and the magic
happens at p ≈ degree−1. How general is this? linear component,

nearly spanning cycle

Not very: A disjoint union of Kd+1s is d-regular, but we won’t see a
linear-sized component or a nearly spanning cycle at any p.
Theorem [Krivelevich–Sudakov 2013]
If p = 1+ε

d , then a.a.s. Gp has a component of order Ωε(d).

Theorem [Krivelevich–Lee–Sudakov 2015]
If p = K

d , then a.a.s. Gp has a cycle of length ⩾ (1− δ)d.

Replacing d by n is impossible by the same example.
Both results still hold if we only assume min-deg(G) ⩾ d.
Question [Krivelevich–Samotij 2014, Glebov–Naves–Sudakov 2017]
What if G has average degree d?



Regular graphs
Common feature: Kn andQd are regular graphs, and the magic
happens at p ≈ degree−1. How general is this? linear component,

nearly spanning cycle
Not very: A disjoint union of Kd+1s is d-regular, but we won’t see a
linear-sized component or a nearly spanning cycle at any p.

Theorem [Krivelevich–Sudakov 2013]
If p = 1+ε

d , then a.a.s. Gp has a component of order Ωε(d).

Theorem [Krivelevich–Lee–Sudakov 2015]
If p = K

d , then a.a.s. Gp has a cycle of length ⩾ (1− δ)d.

Replacing d by n is impossible by the same example.
Both results still hold if we only assume min-deg(G) ⩾ d.
Question [Krivelevich–Samotij 2014, Glebov–Naves–Sudakov 2017]
What if G has average degree d?



Regular graphs
Common feature: Kn andQd are regular graphs, and the magic
happens at p ≈ degree−1. How general is this? linear component,

nearly spanning cycle
Not very: A disjoint union of Kd+1s is d-regular, but we won’t see a
linear-sized component or a nearly spanning cycle at any p.
Theorem [Krivelevich–Sudakov 2013]
If p = 1+ε

d , then a.a.s. Gp has a component of order Ωε(d).

Theorem [Krivelevich–Lee–Sudakov 2015]
If p = K

d , then a.a.s. Gp has a cycle of length ⩾ (1− δ)d.

Replacing d by n is impossible by the same example.
Both results still hold if we only assume min-deg(G) ⩾ d.
Question [Krivelevich–Samotij 2014, Glebov–Naves–Sudakov 2017]
What if G has average degree d?



Regular graphs
Common feature: Kn andQd are regular graphs, and the magic
happens at p ≈ degree−1. How general is this? linear component,

nearly spanning cycle
Not very: A disjoint union of Kd+1s is d-regular, but we won’t see a
linear-sized component or a nearly spanning cycle at any p.
Theorem [Krivelevich–Sudakov 2013]
If p = 1+ε

d , then a.a.s. Gp has a component of order Ωε(d).

Theorem [Krivelevich–Lee–Sudakov 2015]
If p = K

d , then a.a.s. Gp has a cycle of length ⩾ (1− δ)d.

Replacing d by n is impossible by the same example.
Both results still hold if we only assume min-deg(G) ⩾ d.
Question [Krivelevich–Samotij 2014, Glebov–Naves–Sudakov 2017]
What if G has average degree d?



Regular graphs
Common feature: Kn andQd are regular graphs, and the magic
happens at p ≈ degree−1. How general is this? linear component,

nearly spanning cycle
Not very: A disjoint union of Kd+1s is d-regular, but we won’t see a
linear-sized component or a nearly spanning cycle at any p.
Theorem [Krivelevich–Sudakov 2013]
If p = 1+ε

d , then a.a.s. Gp has a component of order Ωε(d).

Theorem [Krivelevich–Lee–Sudakov 2015]
If p = K

d , then a.a.s. Gp has a cycle of length ⩾ (1− δ)d.

Replacing d by n is impossible by the same example.

Both results still hold if we only assume min-deg(G) ⩾ d.
Question [Krivelevich–Samotij 2014, Glebov–Naves–Sudakov 2017]
What if G has average degree d?



Regular graphs
Common feature: Kn andQd are regular graphs, and the magic
happens at p ≈ degree−1. How general is this? linear component,

nearly spanning cycle
Not very: A disjoint union of Kd+1s is d-regular, but we won’t see a
linear-sized component or a nearly spanning cycle at any p.
Theorem [Krivelevich–Sudakov 2013]
If p = 1+ε

d , then a.a.s. Gp has a component of order Ωε(d).

Theorem [Krivelevich–Lee–Sudakov 2015]
If p = K

d , then a.a.s. Gp has a cycle of length ⩾ (1− δ)d.

Replacing d by n is impossible by the same example.
Both results still hold if we only assume min-deg(G) ⩾ d.

Question [Krivelevich–Samotij 2014, Glebov–Naves–Sudakov 2017]
What if G has average degree d?



Regular graphs
Common feature: Kn andQd are regular graphs, and the magic
happens at p ≈ degree−1. How general is this? linear component,

nearly spanning cycle
Not very: A disjoint union of Kd+1s is d-regular, but we won’t see a
linear-sized component or a nearly spanning cycle at any p.
Theorem [Krivelevich–Sudakov 2013]
If p = 1+ε

d , then a.a.s. Gp has a component of order Ωε(d).

Theorem [Krivelevich–Lee–Sudakov 2015]
If p = K

d , then a.a.s. Gp has a cycle of length ⩾ (1− δ)d.

Replacing d by n is impossible by the same example.
Both results still hold if we only assume min-deg(G) ⩾ d.
Question [Krivelevich–Samotij 2014, Glebov–Naves–Sudakov 2017]
What if G has average degree d?



New results

Question [Krivelevich–Samotij 2014, Glebov–Naves–Sudakov 2017]
What if G has average degree d?

Theorem [Christoph–Morawski–W. 2026]
If p ⩾ 1+ε

d , then a.a.s. Gp has a component of order Ωε(d).

The main difficulty is that this is not the right statement to prove.

Theorem [Christoph–Müyesser–W. 2026]
If p ⩾ K

d , then a.a.s. Gp has a cycle of length ⩾ (1− δ)d.

Even the p = 1 case is non-trivial (Erdős–Gallai 1959).
Our proof is “really” about the structure of graphs with average
degree d, and yields other extensions of the Erdős–Gallai theorem.
It builds on remarkable recent work of Pokrovskiy.



New results

Question [Krivelevich–Samotij 2014, Glebov–Naves–Sudakov 2017]
What if G has average degree d?

Theorem [Christoph–Morawski–W. 2026]
If p ⩾ 1+ε

d , then a.a.s. Gp has a component of order Ωε(d).

The main difficulty is that this is not the right statement to prove.

Theorem [Christoph–Müyesser–W. 2026]
If p ⩾ K

d , then a.a.s. Gp has a cycle of length ⩾ (1− δ)d.

Even the p = 1 case is non-trivial (Erdős–Gallai 1959).
Our proof is “really” about the structure of graphs with average
degree d, and yields other extensions of the Erdős–Gallai theorem.
It builds on remarkable recent work of Pokrovskiy.



New results

Question [Krivelevich–Samotij 2014, Glebov–Naves–Sudakov 2017]
What if G has average degree d?

Theorem [Christoph–Morawski–W. 2026]
If p ⩾ 1+ε

d , then a.a.s. Gp has a component of order Ωε(d).

The main difficulty is that this is not the right statement to prove.

Theorem [Christoph–Müyesser–W. 2026]
If p ⩾ K

d , then a.a.s. Gp has a cycle of length ⩾ (1− δ)d.

Even the p = 1 case is non-trivial (Erdős–Gallai 1959).

Our proof is “really” about the structure of graphs with average
degree d, and yields other extensions of the Erdős–Gallai theorem.
It builds on remarkable recent work of Pokrovskiy.



New results

Question [Krivelevich–Samotij 2014, Glebov–Naves–Sudakov 2017]
What if G has average degree d?

Theorem [Christoph–Morawski–W. 2026]
If p ⩾ 1+ε

d , then a.a.s. Gp has a component of order Ωε(d).

The main difficulty is that this is not the right statement to prove.

Theorem [Christoph–Müyesser–W. 2026]
If p ⩾ K

d , then a.a.s. Gp has a cycle of length ⩾ (1− δ)d.

Even the p = 1 case is non-trivial (Erdős–Gallai 1959).
Our proof is “really” about the structure of graphs with average
degree d, and yields other extensions of the Erdős–Gallai theorem.

It builds on remarkable recent work of Pokrovskiy.



New results

Question [Krivelevich–Samotij 2014, Glebov–Naves–Sudakov 2017]
What if G has average degree d?

Theorem [Christoph–Morawski–W. 2026]
If p ⩾ 1+ε

d , then a.a.s. Gp has a component of order Ωε(d).

The main difficulty is that this is not the right statement to prove.

Theorem [Christoph–Müyesser–W. 2026]
If p ⩾ K

d , then a.a.s. Gp has a cycle of length ⩾ (1− δ)d.

Even the p = 1 case is non-trivial (Erdős–Gallai 1959).
Our proof is “really” about the structure of graphs with average
degree d, and yields other extensions of the Erdős–Gallai theorem.
It builds on remarkable recent work of Pokrovskiy.



New results

Question [Krivelevich–Samotij 2014, Glebov–Naves–Sudakov 2017]
What if G has average degree d?

Theorem [Christoph–Morawski–W. 2026]
If p ⩾ 1+ε

d , then a.a.s. Gp has a component of order Ωε(d).

The main difficulty is that this is not the right statement to prove.

Theorem [Christoph–Müyesser–W. 2026]
If p ⩾ K

d , then a.a.s. Gp has a cycle of length ⩾ (1− δ)d.

Even the p = 1 case is non-trivial (Erdős–Gallai 1959).
Our proof is “really” about the structure of graphs with average
degree d, and yields other extensions of the Erdős–Gallai theorem.
It builds on remarkable recent work of Pokrovskiy.



The right statement
d = average degree of G

, λ = largest eigenvalue of AG

Theorem [Christoph–Morawski–W. 2026]
If p ⩾ 1+ε

d , then a.a.s. Gp has a component of order Ωε(d).

Theorem [Christoph–Morawski–W. 2026]
If p ⩾ 1+ε

λ , then a.a.a.s. Gp has a component of order Ωε(λ).

Good: λ ⩾ d always (equality iff G is d-regular), so this is a larger
component with a smaller value of p.
Bad: “almost asymptotically almost surely”: this holds with
probability 99.99% but not 1− o(1).
This restriction is necessary in general, but can be boosted to a.a.s.
except in a very specific regime: λ = C

√
∆.

∃ matching subcritical statements: if p ⩽ 1−ε
λ then Gp typically has

all components of order o(λ)… but major subtleties if λ = C
√
∆.

p = 1
λ is the critical probability

for percolation on G
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Proof ideas

How to analyzeGp? [Krivelevich–Sudakov]

• Explore Gp one edge at a time.
• Every time we query a new edge, we
flip a Ber(p) coin.

• Don’t query edges that close a cycle.
• Regardless of the exploration rule,
this is coupled with Gp.

If G is d-regular and we reveal that S is disconnected from G \ S,
then we query ⩾ d|S| − |S|2 edges and see ⩽ |S| YESes.
If |S| = o(d), this is a ⩽ 1+o(1)

d fraction of YESes. If p = 1+ε
d , then we

are unlikely to only see so few YESes in any initial segment.
If G has average degree d, this utterly fails.

▶ Conceptually, it can’t work because some vertices are worse.
▶ Technically, it’s not true that every S touches⩾ d|S| − |S|2 edges.

Using the eigenvector as a weight vector solves both problems.
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If |S| = o(d), this is a ⩽ 1+o(1)

d fraction of YESes. If p = 1+ε
d , then we

are unlikely to only see so few YESes in any initial segment.
If G has average degree d, this utterly fails.

▶ Conceptually, it can’t work because some vertices are worse.
▶ Technically, it’s not true that every S touches⩾ d|S| − |S|2 edges.

Using the eigenvector as a weight vector solves both problems.
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Thank you!


