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Input: agraphGandp € [0,1] ~ Gg: arandom subgraph
(Retain each edge of G independently with probability p.)
Basic question
As p increases from 0 to 1, when does complex structure typically
emerge in G,?
Percolation theory: G = z°

> infinite component, critical probability, uniqueness, ...
Erd6s-Rényi random graph: G =K,

> giant component, phase transition, uniqueness, ...

This talk: G is a general finite graph.
Typically = asymptotically almost surely (a.a.s.)
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What if G has d?
Theorem [Christoph-Morawski-W. 2026]

Ifp > Y2, then a.a.s. G, has a component of order Qg(d).

The main difficulty is that this is not the right statement to prove.
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Theorem [Christoph-Morawski-W. 2026]

If p > %€, then a.a.s. G, has a component of order Q¢ (d).

Theorem [Christoph-Morawski-W. 2026]

If p > 1+£, then a.a.a.s. G, has a component of order Qg(A).

Good: A > d always (equality iff G is d-regular), so this is a larger
component with a smaller valjn of n
| }

p = 1 is the critical probability

Bad: "almost asymptotically a
A Y @l for percolation on G

probability 99.99% but not 1

This restriction is necessary in general, but cq [ be boosted to a.a.s.
except in a very specific regime: A = CV/A.
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If G is d-regular and we reveal that S is disconnected from G\ S,
then we query > d|S| — |S? edges and see < |S| YESes.

If |S| = o(d), thisis a < ”O ) fraction of YESes. If p = 12, then we
are unlikely to only see so few YESes in any initial segment.

If G has , this utterly fails.

» Conceptually, it can't work because some vertices are worse.
» Technically, it's not true that every S touches > d|S| — |S|? edges.

Using the eigenvector as a weight vector solves both problems.
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